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. & mean st‘fou other than sero. The effects of notches are discussed

/

Patigue is interpreted as a progressive unbonding of atoms as
a result of reversal of slip caused by cyclic loading. The s-N equa~ -~
tion is derived by using an exponential equation for crack growth and
assuming tha* failure wi])l occur -when t)e craok reaches an arbitrary
depth., The effect of stress amplitude is introduced by using the term
for inelastic strain from the Ramberg-Osgood empirical eqﬁation for f.he i
stress-strain curve. The resulting expressions agree with experimental
data and afford a means of interpreting most of the known fatigue
phenomena, They are also used to do‘rive a new method of ‘prodicting the
effects of loading of varigble amplitude and to analyze the effects of e

A e

.
in terms of stress-concentration factors. her subjects treated include
torsion, combined loadings,' brittle frcct& ultimate tensile stress,
temperature effects, surface effects, and corrosion fatigue. Recom-
mendations for research are given in Part 7. Application of the theory

to design and stress-analysis will be covered in a separate paper. ' v
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PART ] ~ DEVELOPMENT QF IDEAS
The failure of metuls under repeated :stresses of relatively low
magnitude has long been a serious problem for engineers and has been the
subject of intensive experimental and theoretical investigation. It is
’ therefore unnecessary to give an extensive description of the phenomenon. .
Thdse not familiar with the subject will find an excellent summary of i£8
various aspects in the recently published book "Fatigue und Fracture of
Metals" (1952) edited by william Murray (Ref, l)t Another vualuable source
of information is the pook "Prevention of the Failure of Metals Under
Repeated Stress" (1941) by the Battelle Memorial Institute (Ref, 2),
Freudenthal (Ref, 3) hus presented an analysis of fatigue (pp. 380 to
387) and many excellent suggestions on fatigue testing (pp. 560 to 573).
0n§ of the best references, from the engineering point of view is

Timoshenko's "Strom.th of Materials" Vol, II, 2nd Edition (Ref. h).

M
' Wl Sttt . < e, v ot m e < e ——.

The author's own qxporicncos vith fatigue will be outlinod briefly,

because they played a part in the development of the theory which is pro-
posed in this paper; they will also serve as a brief review of the problem
as it affects aircraft design. The first contacts with fatigue were made
while the author was employed by the Bureau of Air Commerce (now the Civil
Aeronautics Administration) during the years 1930 to 1937. The failure of
propeller blades and engine parts which had been in service for a relatively
large number of hours became a serious problem, This led to more thorough
inspection procedures and the removal of service nicks and scratches from

~ propeller blades., (See pp. 2 and 3 of Ref, 2), Engine failures were
reduced by more careful design and by the accumulation or'experienéo.

*References are listed on page 87,
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| While engaged in the revision of the airworthiness requirements
(about 1932), the author encountered the gust loading problem and began
to see possibility of fatigue of metal aircraft structures, The present
status of this problem has been excellently reviewed by Dryden, Rhode, and
Kuhn, in Paper No. 2, pp. 18 to 51, of Ref, 1. Fortunately, from the
fatigue standpoint, the aluminum alloys in use at that time were not very
"strong": they operated at relatively low stress levels and their duct-
ility tended to alleviate stress concentrations. COnsequcntly'no serious

fatigue problems arose in the primary structure.

During the years 1938 to 1947 the author was. in charge of structural
dnalysis and research at the lockheed Aircraft Corporation., By this time
higher-strength alloys were being used (24S-T4 and 145-T6). At the present
time (1952) these have been r;p&aced to a considerable extent by the alloy
758-T6. Recognizing the increasing probability of fatigue failures, the
Lockheed Corporation authorized an extensive research program in which

fatigue data were determined and full-scale parts were tested under condi-

. tions simulating actual service. One of the papers resulting from this work

is listed as Ref. 5. Other large aircraft companies also developed similar
programs and pooled their information through technical committees, As-a

result, much valuable information became available to aircraft designers,

One of the significant things that heppened during this period was the
application of failure-detection wires to fatigue specimens, This tech-
nique had originally been developed by the Lockheed Research laboratory
in order to determine the manner of failure of a large wing joint during
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a static test, Mr Henry Foster applied the ideu to fatigue specimens
(Kef, 6) by cementing a fine wire across the specimen where it wug ex~
pected to break. The wire was incorporated in a relay circuit which
would stop the fatigue machine when the.wire feiled, It was found that
the machiﬁes were stopping considerably before a crack could be observed
in the specimen with the naked eye, Microscopic examination, however,
usually disclosed a very fine cruck at the point where the wire broke,
(Mr., Foster's paper contuins other valuable information and should be
t read by everyone intérested in preventing Tatigué failurés.) ”""““’”"”*'.‘f"
{ o m: idea has s0 far u-d to have received nttlo pucuul ap- o
i' plication, but it could well be made the basis for detecting incipient
failures of important structural parts in service, Perhaps the most im-
portant result of this work, 80 'Ar as its influence on the author is
concerned, was the evidence thau fatigue cracks actually formed long be-
fore they could be detected by ordi.lury means of obnmuom

The noxt clue came while the author was preparing a papor fbr tho
RAND Corporation (March 1949) which later became Chapter 16 of Ref. 7,

The following is quoted from the book, p. 295:

"One more point is of interest in connection with the
mechanism of plastic strain. In almost every textbook or
paper dealing with plastic strain there appeurs a diugram,
similar to Fig, 1, illustrating the physical action involved
in slip, (Photographs of actual specimens confirm this., 'See
g Ref. 9%.) It can be seen that certain elements of the material,
which were originally transmitting tension, are now unlouded,

Therefore, they must huve been broken away from their purtners

*Reference 31 of this paper
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by a true tension fallure, The actual local stresses de~

veloped during this action could be quite high; perhaps they

would approach the true cohesive strength of the material,”

!

Unloaded Surfaces

Fig. 1 =~ GSepuration FailuresDuring Slip

On page 296 of Ref. 7 the following statement was made:

"The idea that cohesive failures muy tuke place in the
surface, at very low strains, seems to have some bearing on
the subject of fatigue fuilure, It would seem that fatigue
cracks are basicully of the same type as the cleavage failures
produced under conditions of low temperature, rapid loading,
or low shear stress (or of combinations of these)., Both
phenomena appear to be forms of instability, the only dif-
ference being in the rate of propagatign.#" (The second

sentence is now believed to be wrong; see p, 65.)




The footnote which ulso uppeurs on this puge wis added in 1949 while

the original puper was being edited for inclusion in the book, It reads:

" #This idea has since bcen further investigated by the
author, It cun be imugined that a crack would be initiated
by repeated loading in'which & shear plane underwent a re~
versal of position upon each reversal of load, The tusic
assumption involved is simply that each atom, or element,
becomes "inactive" after onée being broken away from its
previous purtner during slip. On being forced back to its
original position, it causes another element to become in-
active. This action, repesated muny times, would cause a
crack that could eventually cause failure.. Experimental

investigation of this hypothesis is now (1952) under way."

The idea referred to here can be illustrated by a highly simplified

model consisting of an orderly array of atoms as shown in Fig, 2.

Fig. 2 = Formation of a Crack During Repeated Loading.
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It may be imugined that when & tensile stresu is i plied slip occurs along

the plune of maximum sheusr stress (45 degrees), For simplicity assume

that only one atom slips out on the first application of load us shown

in (a). This atom (No. 1) becomes "unbonded," in the sense thut it no
longer transmits & tensile stress directly to its previous partner, (This
is indicated by a hollow circle.) Now assume thut the loading is re-
versed and thst slip again occurs, causing the unbonded atom to return to
its previous position (Fig., 2 b)., Having once teen broken away from its
original partner, it is possible that it will not completely regain its bond:
the atom above it (No, 2) is therefore shown as unbonded, In Fig. 2¢

the tensile force is aguin applied and slip is again assumed to move the
lower set of :toms to the right. Atom No, 2, having become unbonded,

will now cause No. 3, below it, to become unbonded ulso, In Fig. 2d the
process is caurried one more step, causing a crack of two atoms width,

along the plune of slip. It is instructive to make a.model of this type

by cutting a piece of paper along the LSO line and sliding it back and
forth, After a number of reversals the unbonded atoms, together with

those which drop out of the line of force transmission, will form a netch~ |
like region., The stresg-concentration effects can also be visualized in
terms of the number of bond lines.which must be carried around the end

of the crack.,

This elementary model (Fig..2). demonstrates how a crack yay .form and
grow progressively with aiternating loading, without any change in the
lengih of the specimen, The sketches also indicate roughly, by meass
of lines drawn between atoms, how the atoms near the end of the cruck
become overstressed as the crack deepens, This stress concentration '

will obviously be a function of cruck depth, It should also be noted that the
"free surface" essential to this theory, may occur within the specimen if therse
is a discontinuity (flaw) in the material.




The extent of the slip which occurs on upplicution of the load is s
function of the shear stress acting across the slip plune., The shear
stress is in turn a function of the tensile stress, (For the case shown
it would eyual one=hulf the tensile stress,) Hence the number of atoms
over which the slip occurs during each reversal of loud will depend on
the magnitude of the applied stress, It is not necessary to assume that
all of these atoms become unbonded in the munner previously described,
but it would seem logicul to ussume that a certain fraction of the atoms
which are broken away do not reguin their bond when they are returned to
their previous positions, It might also be expected that the unbonding
téndency would be affected by the value of the mean stress, chemical
effects from the surrounding media, , etc., These ideas will be discussed
later, '

The action Just described appears to be the key to an explanation
of fatigue failure, Such actioQ could result in fatigue of a perfect
crystal, but most engineering materials are actually composed of many
small crystals having random orientation of slip planes, For such materials
it can be.assumed thut a fairly lurge fraction of the surface crystals will
be oriented in such a'way thut the blane of max#mum shear stress coincides
with the weakest slip plane of the cfystal. The other crystals, being
differently oriented, will not exhibit the same degree of slip; some of
them may be locuted so that their action, under the stresses applied, will
be virtually elastic. It is therefore highly probable thut the crystals
in which the most slip occurs will be surrounded by an aggregate of crystals
whose overall behavior .iay be described as partially elastic, This

situation is now generally accepted and is the basis for the Orowan theory
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of fatigue (kef, 8), which will be discussed in Part 6. The crack-forming
mechanism shown in Fig. 2 must therefore be considered as acting in con=
Junction with residusal stresses, for all polycrystulline materials. This
is not u necessary purt of the theory, for completely reversed loading,
but it appears to explain why fatigue crucks can be formed under a

eyclic loading in which the stress cycle remains entirely in tension.
This will be further discussed in Part 4.

The theory had been developed to this point in the spring of 1952,
when the RAND book (Ref. 7) was being prepared for publication. The next
step which was planned involved a series of fatigue tests, (to be made at
the University of California) in which replicas of the.specimen surfuce
would be made at various intervals dufing the test, with the specimen under
static tension., Aifter a crack had been .located, the replicus would be -
examined under ihe electron microscope. It was thought that by this method
the crack might be traced back to the early stuges of loading, thus tending
to dispel the idea, commonly held, that the crack does not begin to form
until after a certain number of loading cycles have been applied.

This investigution has not been completed, but & recent (1952) pre~-
print of an A.S.T.M. puper by Craig (Ref. 9) gives the results of some
electron microscope studics of the development of fatigue failures, Tho‘

following quotation (from p. 9) is of interest:

“While the resolving power of even the electron micro-
scope is not sutficient to determine the exact course of crack
initiation, there is good evidence in the materials exwumined
that the initial cracks seem to grow from local deformed or
fragmented paths thut follow the general direction of slip

bands on the surface,"
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This does not prove that the cracks start from the very begiming,
m it does abow that the cracks are asscsiated with oup. (See

dlso Ref 10, pp. 53 and 54). It should be noted that the type of cruck )

which would be developed by the mechunism illustrated in Fig. 2 would
probably not be visible in the early stages, even under the electron
} microscope, because failure to bond would not in itself cause the cruck
to remain open after the loud hud been removed, In fauct, any residual
compressive stress would tend to force the surfuces of the "crack" to-
gether, even under zero external loading. One could expect to see the
crack only after fragmentation or excessive local deformmation had occurred,
which is exactly what the photographs of the Craig paper indicate., It
o ‘ would appear also thut fragmentation would tend to result from unbonding N
and. would huve to be preceeded by a "eruck® which would be invisible,

The final step in the development of a theory for fautigue wus pre—
cipitated by the publication of a puper (T.N. 2787) by the National
Advisory Committee for Aeronautics (Ref. 11). The authors, Hardrath and
Utley, reported the results of an experimental investigatién designed to
test Miner!s theory (Ref. 12) for repeated stresses of farying amplitude,
They found that the theory gave good results for a sinusoidal type of
loading, but appeared to overestimate the fatigue life for & loading cysle
of an exponential naturdt These results indicu.te that higher stresses
should have been given greater weight in the integration process.

Because of the importance of this problem in aircraft design, the
author decided to attempt a mathemutical forﬁulation of the crack=growth
theory previously described, to be used as & busis for developing an

improved theory for repeated loading of varying amplitude., By defining

*Seo Appendix 1 of Supplement to P=350,
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futigue as the devclépment of & creck of convtant depth and by using the
well-knovmn Ramberg-OSg;od, empirical expression for inelustic strain

#n ejuation for the s=N diggram was obtained, for cyclic stresses of con-
stunt amplitude. This had the typical form that has long been accepted

&5 an empirical method for representing test results, A new method of
predicting behavior under st;esses of varying amplitudes was then obtuined.
This showed an improvement over Miner's method, The derivation of these

equations will now be outlined, after which the theory will be applied to

other aspects of the fatigue problem,
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PART 2 - DERIVATION OF FATIGUE EQUATIONS
. FOR D ‘LOADING O
ON

In Part 1 it was shown how a crack could be caused by failure of some
of the atoms to bond after they had once been moved to the surface of the
material by slip caused by shear stresses. It 'was also indicated that the
rate of crack growth would tend to increase with increasing crack depth.
The latter tendency suggested a relationship of exponential form, such as

an
h = Ae @)

where h = crack depth
A = a constant

a = a factor depending on the stress amplitude

Fras w e

n = number of cycles of reversed loading.

To indicate the‘phvsical nature of the problem, a hypothetical curve

o olie s o S IR

5 of crack depth yergus éyclee of roputod loading is shown in Fig. 3.
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Fig, 3 Diagramnatic Representation
of Crack Growth
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If it is assumed that the crack (or unbonding) starts from the beginning,
the rate of growth must be very slow during a large portion of the loading
history. For example, assume that the part breaks when the crack depth
reaches one-half inch and that this occurs after 10-million reversals.

The distance by which the crack deepens on each reversal of loading is
obviously of extremely small magnitude.

- It is known, however, that the rate of crack growth just prior to
failure is relatively rapid. (See Appendix 27, Ref. 2; also Ref, 13.)
Wilson and Burke (Ref. l4) have made careful measurements which show that
a crack growth of 0.6 inch will be produced by about 30,000 cycles of
reversed loading, once the crack has been started.

An important lesson may be.learnqd by attempting to plot these
results on the last portion of the growth curve of Fig. 3. It is quite
obvious that the line would appear to be vertical. The fact that the
growth curves obtained in Ref. 14 appeared to be linear is of course con-
sistent with the fact that they represent only a very small segment of the
entire curve. This shows that the function involved must be of a type
which will exhibit a very slow growth for a long period, followed by a
relatively rapid rate of growth. An exponential growth law satisfies

this condition.
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To illustrate this graphically the values of 10™ have been plotted non-
dimensionally in Fig. 4, using three different maximum values for n. It

.
g
43
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can be seen that the abruptness of the curve depends on the maxj;mm value
of the exponent used.*

Another thing revealed by this reasoning is that the particular type
of function used is not of great importance, so far as determining the
final depth of the crack is concerned. Any function which could be fitted ‘
to experimental crack growth data woul@ give about the same results, after
integration.

The steepness of the crack growth curve just prior to failure led to
the idea that a fatigue failure criterion might be taken to be t'.ho attain-
ment of & crack of arbitrqry depth. Since the crack depth curve must be

®he term n in Fig. 4 corresponds to the term an in Eq. 1.
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practically vertical for a considerable number of cycles preceding failure,
the particular value chosen to represent failure will have virtually no
effect on the accuracy of prediction of the fatigue life, at least at low
stress levels.

The physical significance of the tem A, in Eq. (1) is found by setting
n equal to zero, which gives h = A, The term A therefore'repreaents the
initial depth of crackf while the exponential part of the equation may be
thought of as a multiplier which shows how A grows during repetition of
the stress cycle., In the first derivation of the fatigue equation A will
be considered to be a constant. This assumption will later be modified in
order to obtain more accurate expressions for rate of growth.

The termm a represents the initial rate of growth and must thero{bro
be governed by the number of atoms that become unbonded during each stress
cycle, at the very early stage of crack growth. This was assumed to d;pend
on the value of the maximum shear stress, which for axial loading or bending is
equal to one-half the axlal stress. For such loadings, therefore, a may be
considered to be a function of the maximum tensile and compressive stresses
(assuming complete stress reversal). For combined loadings the maximum
shear stress, or some related stress, would be used directly.

The amount of slip which occurs during a simple tension test may be

aocurctoly rcprosontod by the clpirioal term tbr 1nolaotic -train in the _

) Rllb‘rg-Oc‘ood OQlltion (R‘f. 15)0 - ) ik

3fhil interpretation may appear to be inconsistent, since n would be unity for
a single cycle, However, it may be reasoned that n actually represents the
number of reversals which occur after the first loading has been applied.
This would amount to replacing n by n-1 in all equations for orack depth,
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ce goc-" (2)

from'which ep = Co - (2a)

whereé C = a constant

the tensile stress = P/A

x = an exponent determined by curvo-fittingl

tp * plastic (inelastic) strain.
It appears logical to assume that the same form of relationship would

govern the degree of slip in the microscopic regions involved in fatigue,

since the inelastic strain measured in a tension test is actually the

integrated result of the individual slips which occur throughout the
specimen. Equation (2) will therefore be substituted for the temm a, with
the following understanding:

1. The stress s actually represents the average or effective value
of the shear stress which controls the degree of inelnstic
strain reversal,

2, Stress concentration effects may. cause the slip in the critical
region to exceed the inelastic strain experienced by the bulk
of the material (this is further 1nvnoti¢ntod in Part 5).

3, The number of atoms permanently unbonded dnrini a reversal wll
not necessarily be tﬁn total number unbonded in the slip pro-'
ceul.. The ratio of permanently unbonded atoms to the total in-
volved in alip will be assumed to be constant for the present,

For a speaimen having no large stress sonsemtration effects all of

these items may be taken care of by adjusting the value of C, which may

1-In Ref, 15 the tem n is used instead of x. The change was made here

to avoid confusion with the use of n for number of cycles.




)T
Rev, 5.1.53

therefore have a different value from that obtained in tension tests.

Substitution of the value of a from Eq. (2g) gives the following
expression for Eq. (1), with h, representing some arbitrary constant value
of cuck dﬁtn:

h = Ae . (3)

(Note: n has been changed to N, which denotes fatigue life.)

Taking the natural logerithm of both sides gives

mh, = MmA+Co N (a)
Mmh -mA
from which &N = e . (v)

The right-hand term may be rerlaced by a constant, B; giving

N =B ., . (e)

From this the equation for the s~ N diagram can be written in either
of two famlliar forms

. ‘ .
8 = "y (o)
where ' B' = B]'/x

By taking the common logarithm of both sides of Fy. (§b) one obtains

logs = logB' -~ -}; log N (4e)
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This gives a straight-line equation when N and s are plotted on

log~log graph paper.

log B —-—1

log s

(s=1)0

(N=1)

log N

Fig. 5 Logarithmic Plot of s=N Equation

It has long been known that a log-log plot of test data for completely
reversed repeated loading can be fitted by straight lines, well within the
scatter of the data. For example, Peterson '(Papor No. 4 of Ref. 1) shows
a colloctibn of fatigue data) plotted on a log-log basis (from Weisman and
Kaplan). The mean values, as well as the scatter band for the test results,
are shown to .corroapond to the straight-line relationships.

To illustrate more clearly the significance of Eq. (4), the data from
NACA TN 2798 (Ref. 11) are plotted in Fig. 6, as presented in the original
paper. This dip.gram is a geai-log plot, the log scale being used only for
N. This type of plotting has become customary, probably because it is con-

venient to condense the N scale, but inconvenient to read stress from a
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the actuasl values are pot bo.ing plotted, but rather their logarithms,
the scales are shown in temms of logs. The actual values of stress are
indicated by an auxiliary scale, which is non-linear.

It is evident that on the log-log plot a straight line gives an almost
perfect fit for the points representing the averages of from 10 to 20
specimens at each level (101 specimens in all). The slope(-1/x) gives a
value of x = 8.,42. A tendency for the curve to flatten out at high values
of N may be observed, This indicates a tendency toward an "endurance limit"
(to be discussed later), It will be apparent, however, that any attempt at
accurate curve=fitting in this region is virtually meaningless, in view of
the large scatter of the data (over one million cyclie variation in about
seven million). This scatter must be expected because of the nature of the
phenomenon and it has an important bearing on design for fatigue.

While the log-log plot is useful in checking theories such as repre-
sented by Eq. (4), it does not convey a proper sense of proportioxi to the
observer., It is unfortunate that fatigue data are so seldom plotted on
ordinary (Cartesian) graph paper. The use of a semi-log plot is particularly
unfortunate, because it serves no useful purpose other than condensing the
N-scale; one might as well lookinto a distortion mirror so far as obtaining
a true picture is concernedl ‘ |

Figure 8 shows the data of Figs. 5 and 6 plotted on a linear basis,
using a scale coveriné 100,000,000 cycles, Even this range does not _
include the last two points on Fig. 6. A strikingly different picture
is obtained. The allowable stress for a given lifetime drops very rapidly

as the required number of cycles is increased from one to about one million.
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From one million to ten million the drop is more gradual, while at values
of N beyond ten million the stress decreases at-a:very low rate.

A curve obtained from Eq. (4) has been plotted on this figure. Values
of B and x.were determined so as to produce a good fit in the early part
of the curve (B = 7.8 x 10*3; x = 8,42). The ability of Eq. (4) to fit
the test data is obviously equal to, if not better than, that obtained from
the accepted formulas for other types of failure (modulus of rupture in
bending, column failure, etc.). ’

The extreme scatter of the test data at large values of N is now seen
to constitute a relatively narrow scatter band, go far as the values of
stress are concerned. On the other hand, the scatter in terms of N is so
great that any attempt to predict the lifetime at low values of stress
appears to be virtually meaningless. (The importance of this observation
in connection with design for fatigue is discussed in the Supplement.)

It is interesting to note that the exponent x, as determined from the
fatigue curve by means of Eq. (4), is about 8.4. The value determined by
the Ramberg-Osgood formula, from tension and compression tests of th;
material, was approximately 25? This would indicate that the exponent
tends to be lower in reversed loading than in undirectional loading.

(There is experimental evidence to substantiate this; see Fig. 294, p. 460,
Ref. 4y) It should also be noted thet the fatigue tests were conducted in
bending, not axial loading. If it could be shown that the inelastic strain
exponent for reversed loading has a definite relationship to that obtained
in the routine tension test, it would provide a means of predicting fatigue
behavior from a tension test alone. (The true stress at ultimate load

would be used to determine the value of the eonstant, B, as explained later,)

o—

*Based on information supplied by the NACA.
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In applying the basic equation for crack growth to the case of variable
stress amplitude (Part 3), it was found that the assumption of a constant
value for A might need to be improved. Since A represents the magnitude
of the crack depth produced on the first loading cycle, it would be logical
to assume that it is also a function of the applied stress, s. If‘A is now
replaced by the teﬁm Al ax, the quation will become ' |

cCs*N

hy = A s e (5)

vhere A!' is a new constant, possibly having the same value as C.

After taking the natural logarithm of both sides the equation is:

fnh, = fmA'+xms+C <N ' (a)
from which
mmh =MmA'=xms
sx N = 9 G (b)
B.-C.x/ns
or N » 2—2 . (6)
o

This equation is similar to Eq. (4a) excoﬁt that the constant B is
replaced by'a temm which represents a decreasing value of B as s increases.
This means that in Fig. 5 the curves for different values of s would not
all have the same intercept on the log N axis, In view of the fact that
the experimental data can be fitted quite satisfactorily by Eq. (4), there
is no need to use Eq. (6) for this purpose, especially since it requires
the determination of one more constant. The reason for including this

refinement will be explained in Part 3.
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It is well known that for some materials there appears to be a
stress level below which fatigue failures cannot be obtained. This value
of the maximum applied stress is called the sndurapce limit. On a linear
chart (such as Fig. 7) this would be indicated by a horizontal line at the
endurance limit and the s~ N curve would be asymptotic to this line. On
a log-log chart (Fig., 7) the transition from the straight-line portion of
the curve to the horizontal portion would appear to be more abrupt. This
impression is of course the result of the distorted scsle .sed,

There has been much speculation concerning the significance of the
endurance limit, but the most important fact is that there is such a limit
for some materials, at least so far as can be determined from tests. When
this is true, it is possible to design a part so that, for all practical
purposes, it will never fail in fatigue,

For many materials, such as aluminum alloys, there appears to be no
well-defined endurance limit. These sam; alloys also appear to have no
well-defined proportional 1imit® On the other hand, materials such as
low=carbon steel, which do have ah endurance limit, also exhibit a well-
defined proportional limit. This is one of the facts that has led many
investigators to suspect that fatigue is caused by the inelastic ("plastic")
strain, '

There are several ways in which an endurance limit can be interpreted,
in the light of the theory Jjust presented. These are illustrated in
Fig. 9. |

. ®Recent information from Mr. R.L. Templin, of the Aluminum Research Laﬁoratoriea,
indicates that high-strength aluminum alloys do have a proportional limit which
is as well-defined as that of low aarbon steel,
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Fige 9 Different Ways of Interpreting

the Endurance Limit

Fig, 9(a) shows the type of inelastic behavior assumed in deriving
the s~N equations, up to this point. Inelastic strain (shown to a greatly
enlarged scale) is assumed to occur at any stress greater than sero, In
Fig. 9(b) an elastic limit (sg) is assuned, below which no inelastic strain
occurs. At stresses greater than sz inelastic strain is assumed to occur
according to the empirical relationship originally assumed (Eq. 2). It
can be seen that the Ramberg-Osgood equation (Ref. 15), which corresponds
to Fig. 9(a), could be modified to correspond to Fig. 9(b). Since the
strains given by the equation for low values of stress are very small, the
modified equation could no doubt be fitted to the experimental stress-
strain curves without difficulty. The values for C and x would of course
have to be altered. It should be noted also that the original Ramberg-Osgood




equation, while fitting stress-strain diagram quite well for strains which
can be measured, does not prove the non-existence of an elasti¢ limit. Hsnce
the type of stress~strain diagram shown in Fig. 9(b) must be considered as

a possibility, even for relatively "soft" materials. Another interpretation
might be that inelastic strain at very low values of stress is the result

of unavcidable flaws or weak crystals, having a statistical distribution.
The existence of such strains would then appear to be of no practical sig-
nificance. The assuhption of an elastic iimit would then correspond to the
common engineering practice of ignoring the branches of the Gauss frequency
distribution curve, beyond certain limits,

Figure 9(c) represents the well-known type of stress-strain diagram
in which no observable plastic slip occurs up to some particular value of
stress, at which a very rapid slip’of considerable amount takes place.

‘This is generally considered to mean that the metal contains bonds which
prevent slip entirely up to a certain stress and then suddenly break.:
The shape of such curves suggests that the basic curve may be either of
type (a) or type (b); that is, without the special bonding elements the
curve might follow the dotted line of Fig. 9(c).

One other mechanism must be considered: "strain-hardening". (The
author quotes this term because he feels it is often misused, as explained
on page 267 of Ref. L.) Gensamer has given an excellent description of
this phenomenon (pp. 1 to 3 of Ref. 1), which may be summed up by quoting
a portion of his description:

"By strain hardening we mean the increase in the elastic
range, produced by strain. This is not the elevation of the

elastic limit observed in monotonous increase in strain, most




of which kind of strain hardening is reversible, as was so

nicely shown by Dalby and others many years ago. As we put

the metal through successive cycles, the elastic range grad-

ually increases and the area within the loop gradually

diminishes., Figure 1, from the work of Gough, illustrates

this effect. The loop area measures the work of plastic de-

formation. If the specimen does not oreak first, it strain-

hardens to the point where it undergoes purely elastic action;

further cycling does nothing."

Figure 1, on page 2 of Ref. 1, ahéwe the results of experiments in
which the strain was completely reversed many times. ‘The loop appears to
have become a straight line at about 400,000 cycles, after which it rcmaiﬁs
straight.

For materials having a sharp yield point (Fig. 9(c)) there is evidence
that the elastic portion of the curve breaks down in the early stages of high
cyclic loading (see Ref. 4, p. 460). This results in a stress-strain loop
which would correspond to the dotted line portion of the stress-strain
diagram in Fig. 9(c).

Regardless of the exact reason for the apparent increase in the
elastic réngo. it can be seen that it will have an important influence
on the endurance limit. As the stress cycle is repeated, ! the inela.Als
strain -de¢reases, provided thit the stress remains within certain lilttq,

During the time when plastic slip is still occurring, cracks would
probably be formed as previously described. These cracks would affect

only a very small amount of material, since they remain small during most
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of the lifetime. The bulk of the material would at the same time be
und?rgoing 4 decrease in the amount of inelastis strain reversal:

Since the magnitude of the slip experienced by any crystal is largely
controlled by the deformation of the entire specimen, such slip would stop
as soon as.the specimen became ccnplit‘iy "glastic", 1f that is possible,

This explanation offers one more methoed by .which an spparent elasble
range may be established. It is sufficient to state that, according to
the theory here proposed, fatigue cannot occur when the action is purely
elastic, An alternative and perhaps better way to state this is: fatigue
cannot occur in the absence of slip. Although there seems to have been
relatively little experimental investigation of fatigue of brittle (elastic)
materials, the absence of any eyidenco‘to the contrary seems to be in
accordance with the above statement. (See also the discussion in Part 6,)

Since it is evident that there are various ways in which an elastic
range may Le established under cyclic loading, the effect of such a range
on the shape of the s-N diagram (Eq. 4) will now be investigated.

For a material with a well-defined yield point, as shown in Fig. 9(c),
the effect will be simply to cut off tﬁe s~N diagram at some value of
stress, giving a sharp break on the log-log plot ‘Fig. 7)e The break would
be imperceptible on the linear plot (Fig. 8). The value at which this
occurs is known to be considerably less than the yield point, which can
probably be attributed to stresa-concentration effects at the surface.

For a material having an elastic limit, followed by gradual slip, as
shown in Fig. 9(b), Eq. (4) will also apply if the term s is replaced by
(s - QE). The elastic limit used here will actually represent the endurance

limit, which includes the effect of stress concentrations, etc.s
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Since new constanf.s C and x must be used in the modified Ramberg-
Osgood equation, the vaiuo of B will also be different from that of Eq. (4).
Equation (7) will plot as a straight line on log-log paper if (s- IE) is
plotted instead of s. If s is .plottoci, the curve will "sag" and will become
asymptotic to Sge

To illustrate the shape of the curve obtained from Eq. (7), this
equation has been plot.t.ed-on a log-log basis in Fig. 10. A good fit to the

average test values is again obtained, including the points at large values
of X. It therefore appears that the material is behaving as shown in
Pig. 9(b) and that the spparent enduinse iimit.id,abéas 1§,000 psi.

4.8
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b s = 14,000 +{§
log s | /__ X ® 4,88
: be — B = 3.60 x 10%°
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“»03 *
Le2
IN 5 6 7 8 9

log N

Fig. 10 - Effect of An Elastic Limit
(Test Data from NACA TN-2798)
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There are many situations in which the dosigner is tacod with the
problem of repeated loading of varying ampuw& Two general types of
variation may be considered, The oné of most interest to airplane
degignera is that in which a certain "spectrum" of stress applications
n} be assumed to bs repeated over and over again, The number of cycles
involved in the spectrum will be very small, relative to the total number
to failure. ‘

s

The second type of lc;ad;ng tiqnsiltl oi.’ a large number of repeated
loadings of constant amplitude, follpwed by another loading of different
amplitude, this second loading being continued until failure ocours. .
This may be expanded to include three or more different loadings, but the
essential difference ‘s that in the first case the spectrum covers only k
a small part of the fatigue life, while in the second case & single '

spectrum covers the entire life,

The situation which exists in the "short-spectrum" loading is shown
in Fg. 1lla for c?npletely reversed (balanced) loading.

+8

B 01N w .
| ! A:“z ang — | O

(a) Short-Spectrum (b) Equivalent Reduced Stress
Iig. 11 Variable Stress Amplitudes Represented by a Spectrum

e




In actual service, the spectrum would have a random distribution of stress
amplitudes, but by statistical analysia. this may be represented by an
orderly arrangement such as shown in (a)., For a very short spectrum the
order in which the stresses are applied will (according to the theory to
be developed) have no practical significance. There is some speculation,
h?\}ever, on the effects of a random distribution of stress amplitudes (see
Ref: 1, p..223). (The method of analysis which follows could probably be
extended to such cases by estimating the amount of unbonding which would
occur when a stress cycle of any given amplitude is followed by one of a
different amplitude.) Thé problem is to find the value of the stress
which, applied at constant amplitude, will producé the same fatigue life
as that which would be obtained with the stresses of variable amplitude,

Figure 11b shows this diagrammatically. The stress 8. will be called
- e nnm It.-
.M& 3{ "4‘?«!‘! V‘X-ab' h ” ‘”‘ !”“ * ' o "('m“ ‘m”‘ “'m “‘ '

(Ref. 16)., He considered the process of failure to be divided into two i

parts, the formation of the crack and the growth of the crack. By assuming
only that the function relating crack growth to stress is the sams at any

' . stress level he developed the basic principle involved in attacking this
problem. Briefly stated, t.h:l.o consists in determining the fraction of the
r&ti.;uo life utmnd at any g:lnn otrou level and adding these mcti.ono.
Failure is nsulod to occur when the sum of these fractions is equal to

unity. This is actually a special application of the interaction ourve
method now widely used to predict failure under combined loading (see pp. 341

.

to 345 of Ref, 17).
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Miner's method (Ref. 12) assumes in effect a straight-line inter-

action curve (actually an i-dimensional surface) which can be expressed
by the oquatiom.

<

pa

¢

n.
e o1 (8)

4

where
n, - cycles at stress amplitude 8,

N " fatigue life at constant stress
amplitude 8,

The member is expected to fail when the summation equals unity. If

the sum is less, it indicates that some service life remains,

In Ref, 1, Paper No. 10, N.M. Newmark has presented a treatment of
this subject in which, without actually using any particular theory of
fatigue, he has covered almost all aspects of the problem in a general way,

Perhaps the most important feature of his paper is the introduction of non-

1inear relationships based on '"damage" and'healing" curves, These terms,

which have been widely used in fatigue literature, are of course entirely
general and serve primarily as definitions of.the unimowm, ‘not:ads: explanations.

Most of the methods proposed for solving this problem result in a
prediction regarding the fraction of fatigue life that has been utilised.
For reasons which will be explained later, the author feels that this
approach is not suitable for doaign or stress analysis purposes, It would
be more satisfactory to be able to determine the stress amplitude at which
a certain fatigue life would be assured, For loading of variable amplitude
this can best be done by determining a reduced stress, as already deseribed
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and as i{llustrated in Pig. 11.

In Ref, 18, Clinedinmst (1937) derived an expression for the reduced
stress based on the general fatigue equation (Eq, 4 of this paper), which
had already been determined experimentally., The expression for the re-
duced stress will now be derived by using the crack-growth equations from
Part 2, This will show how further refinements my.be made ch li& ]

r more nearly represent the conditions that exist and which give better

agreement with test results,

The method used will be essentially the same as that outlined by
Newmark on p. 210 of his paper (Ref. 1) except that the objective will be
i to determine a reduced stress instead of a "cumulative cycle ratio",
Consider two curves repressnting the growth of a crack at two different
stress levels, as shown in PFig. 12 (not to scale).

N

. | Anl-c-l sn,
n (cycles)

l'i‘,y 12 Crack Growth for a Stress Spectrum Consisting
of Two Different Amplitudes
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It will be assumed that stress s, 1s aprlied for any cycles, after which
stress Az is applied for An2 cyoles, The number of cycles in the spectrum
(An1 + Anz) is assumed to be very small in comparison with the fatigue life N,
The spectrum is to be repeated over and over again until "failure" ocours, at
orack depth ho' The actual crack growth curve for the combined loadings, as yet
unknown, is illustrated by the dot-dash line labeled s.. The problem is to find
the value s, which, if applied at constant amplitude, will cause failure after

the same nubq; of cyolu, K. (Note that N, is not equal to.X, + Ny)

g b bt e ot LR i T e T . b

oL’ o

Stnn it wvas uouod (‘n Pu'ﬁ 2) thlt tlu uto of emk*M &a | ] —
function of crack depth, the effsctive rate of growth, at any value of n, 4
will be deteminéd by the weighted average of the rates for 8 and LY at
the same crack depth., This would be expressed mathematically by

dh) , o (4R
R

For the case in which several different stresses are applied during

the spectrum (Fig. 11) the above equation may be expressed as
Z (@)
( dh ) 1\dn A
am >an

The rate of crack growth at any given stress level will be found by

(20)

differentiating the expression for the depth of the crack with respect to
\
n. Two cases will be examined., Assume first that the crack depth is
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given by Eq. (3):
p 4 ¢
heao " (1)

The rate of crack growth is

(-%n-i-Ac."ec'xn (12)

The effective rate, from Eq. (10), would therefore be

. San, 8.\ csXn
| -sh; » -———i—L ‘r
. <°“>r A c< e ) ° (13)

In this equation L has been used in the exponent, because by

definition 5, would produce the same depth of crack as the stress spectrum,

The corresponding expression, in terms of 8., 1s

'

c X
() - woar T w
r

- From Eqs. (13) and (14) it is evident that

Son, 85
s X - 1 "1 ‘ (15)
r 2 on,
from which
< 1/x
Emﬂ_ N
'l' - Zm (16)

i
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This is the desired expression for the reduced stress., It means that
all stresses in the spectrum are weighted to the x-power and in proportion

to their relative frequency of occurrence.

It is convenient to express Eq. (16) in terms of dimensionless factors.
This may be done by selecting a base stress in the spectrum, 8y and de-

fining the stress ratios and frequency ratios by

X —:OL . ()
By
ki - Fﬂ. (18)

The reduced stress may now be expressed in terms of the base stress:

‘s = B8 (19);

]l/x (20)

x
B = {21&1 ri

(In computing B it is convenient to select as base stress, L
the lowest value in the stress spectrum, thus avoiding nega-~

tive logarithms.) ‘ e

—
-

The value of x will be determined by the basic s~N diagram in the

region over which the stresses vary.

If there 1s an endurance limit,' s,, it could be assumed that any
stress below this value will not cause growth of the crack., This would
be taken care of by substituting sero for s; in Eq. (16), or for ry in
K. (20)‘. The possible helpful effects of "understressing" will not be

*(for constant amplitude stress reversals)

A ]
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ascounted for by this procedure, but there appears to be no proof that
such understressing (repsated loading below the endurance limit) actually

improves fatigue resistance when applied as part of 3 loading spectrum.
Hence it is advisable to 1@01-. such effects in computing the reduced

stress for the short-spectrum type of loading, until there is experimental

proof that such effects exist, In fact, there seems to be no preof that

the endyrance limit exists under such conditions. If this limit depends
on not exceeding the elastic limit at any time, or on building up a quari-

elastic state, it is quite possible that an occasional high stress 'cyclo
will "wash out" all the helpful .effects caused by the lower stress cycles.
It would seem that the only safe procedure in computing the reduced stress
would be to ignore the endurance limit, until further experimental evidence
is obtained,

Having determ;.nod the reduced stress for a given loading spectrum, the
fatigue 1life may be found by using the regular s -N diagram for constant -
stress amplitude,

Eq. (20) was applied to the sample cases on pages 18 and 19 of NACA
™-2798 (Ref. 11). No significant differences in the results were obui:m'd, Y
as compared with Miner's method. This is to be expected, since Eq. (16) |
actually roprucnti Miner's method in the form of a reduced stress. From
the NACA tests it appeared that the higher stresses required greater weightirg.
This led the suthor to reexamine the expression used for the depth of crack )
(Eq. (3)). A different expression was obtained by assuming that the initial
depth (on first application of load) was a function of the inelastic strain
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(Eq. (5)). The derivative of Eq. (5) s
(.%‘L)i =A'C 82X o(.“xn (21) ‘

If this equation is used in the development of an expression for the I
reduced stress, Eqe. (16) and (20) become

, !
P 2aon 2x
£ r P
1 : |
£
s o 7 X )
B = -'f - [2 k, 7, (23)

The new expressions obviously give greater weight to the higher
stresses and therefore tend to bring the theory into closer agreement
with test data. (8ss'Supplement for Fdsulis of astng this thoery,)

Further empirical modifications could be made, if desired, to attack
even greater weight to the higher stresses. No attempt will be made here
to explore the secondary effects which might result from repeated stresses '
of varisble magnitude, For the ghort stress-spectrum it would seem that '
axy - distribution of stress upntudu' could be adequately represented
by the method outlined above, In making tests, it is important that the
mmber of cycles in the spectrum be held to a relatively low value,

Up to this point the variable stress amplitudes have been assumed to
ocour within a short stress-spectrum which is repsated until failure ocours,
A different situation is found in the second type of loading, where the

*including random ‘distritution
iy




loading history is composed of only a few stages, each occurring at a

constant stress level, In the simplest case, consider s to be applied '
for n cycles, after which s, is applied until failure ocours, The resylt

to be expected is shown dhgrmtically by Pig. 13 (not to scale),

n (.cyclel)

Fig, 13 "Overstressing", in Terms of Crack Growth

During n cycles at stress 5 the crack grows along the 8, ourve,
When the stress is chmgo.d to s, the transfer to the s, curve mast be
made at constant orack depth, it. is therefore possible to find a value
of cycles "y vhich would have produced the same depth of crack at stress '
level s,. If Eq. (3) is used as a basis for crack growth, the resulting
. relationship will be

s x |
nn-(-.-i->n1 : (24)
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where ,
n, " equivalent life at stress 8,» for n
cycles at 5,

If this i'chtionship 1s‘ used to find the total life, it will give the
same result as the method previously developed for short-cycle loading,
based on Eq. (3). This is because the same shape of curve was used for
both stress levels (see Newmark's discussion of this, p. 207, Ref. 1),
This means, for example, that if one<half the life at 8 is used up, one~

half of the life at s, will remain. This would be true, however, only

2
when affine crack growth curves are assumed.

If Eq. (5) is used as a basis, the result will be

] " | !
’1 x x én -.-;
| 2 \F) MR )
)

~ This expression is the same as Eq. (2L), except for the added term.
When 8 is greater than 85, this means that a larger fraction of the

fatigue 1ife at s, will be used up by "overstreassing" at 8. When s, is

2 1
less than s, a negative logarithm is obtained, showing that "™understressing"

would not use up as much life as predicted by Miner'!'s or any similar theory.

The situations described above are not very likely to be met with in
v aircraft design., Furthsrmore, there are undoubtedly other effects which
occur when I. long period at one stress level is followed by a change to a
different stress level. The attention which has been devoted to these
phenomena appears to be based on the hope that they would throw further
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light on the nature of fatigue itself, Si:nco Eq. 25 appears to explain
the observed behavior, at least qualitatively, no attempt will be made in N ‘
this paper to develop the equations any further. ' ‘

B e e Gdien o eetioen o o R - -“.—.v 3

T6 1o Knows thes & period bF cyolis Leading at & stress Jevel Jush
below the endurance limit mhy. raise the fatigus 1ife for subsequently
applied stresses of greater amplitude., (See Refs. 1 or 2.) This would
seem to be explainable by the fact that repeated loading at a low stress
amplitude tends to cause the bulk of the material to approach an elastic
state, as previously described, If this cycling is carried out below
the endurance limit, the rate of crack growth will gradually decrease
and a stable ‘oondition will be attained by the time the elastic aﬁto 1s -
reached. Subsequent loading at a higher stress level must therefore
be based on a highcz; elastic limit, as shown by Fig. 9 and Eq. (7).

This explanation serves to emphasise the previously-expressed
warning that under random cyclic loading the helpful ("healing") effect
of "understressing" should not be included in the analysis.
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PART 4 = KFFECTS OF UNEaL.'ICED LOADING
. (MEAN STRESS NOT EQUAL TO 'tRO),

In Part 2 the type‘of loading acu. el vas that in which the loading
alternates between pqual values of tension and compression, with a mean
stress of zero, For convenience, this will be referred tc a> balanced
1%ading. when the mean stress is not zero, the term unbulanced loading
will be used, In an airplane, for exumple, the wing is subjected to an

average loading which is very nearly equal to the weight of the airplane,

During flight through rough air the load fluctuates above und below this
mean value as the result of up and down gusts (see Paper No, <, Ref, 1),
It is therefore importunt to extend the theory of fatigue to include the
unbalanced type of louding, The same situation applies in a bridge

structure, except thuat the meaun stress is likely to be considerably higher,

BT T S

relative to the fluctuuting stress,

S otk

The maximum and minimum values reached during a stress cycle will be
assumed to remain constant, as in Part 2, . The effects of varying amp-
litude have been analyzed in Part j, for balunced loading. Similar methods
can be developed for unbalanced loading. )

QJ - Fig. 14 shows & case in which the stress varies between zero and

some maximum value in tension, which will be designated 88 8 . o Assume
that at some region in the structure there is a lurge-scale stress-rauiser
having an effective value of K. The actual stress will therefore vary

as shown by the dashed curve in Fig, 14 (b). (Note that K also raises the

mean stress.)
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Fig. 14 Unbalanced Loading

It will be assumed, for the moment, that large scule stress—con-
centration effects have been accounted for and that ve are dealing with
the actual stress in a region surrounding the crack (notch effects etc,
will be further discussed later), The stress-strain picture implied py

the assumptions used for balanced loading (Part 2) is shown in Fig. 15

Fig. 15 Stress-Strain Loop for Balanced Cyclio Loading.-
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This type of action is known to occur and hus already been referred
to (Ref., 1, pp. 1 to 3, see also Ref. 4, p. 460 and Ref. 10, p. 27).
Actuully, however, the amount of slip which is involved, during crack
growth, will be much less than the amount determined by applying to Fig. 15
the stress=strain curves obtained in a simple tension test, as discussed
in Part 2, the loop may even narrow to such an extent thit it becomes a
single straight line, representing elustic action. (This idea was used.to
explain how ah inelastic material might develop an endurance limit,)

If this same reasoning is now applied to the unbalanced type of load-
;ng a question immediately arises. It is generally considered that un-
1oading is a purely elastic action (this applies only for time-independent
stress-strain relationships however; see the suthor'!s discussion in Ref, 7,
p.223). If the loading cycle remains entirely in the tension range, there
would appear to be no sﬂress-strain loop at all and there would then be no

crack growth, This is illustrated in Fig. 16, for stresses varying between

8 and 82.
7
o
ot
.’,l
//*
/! .
2
€

Fig. 16 Unbalunced Cyclic Loading




It is known, however, thut fatigue cun occur under such conditions,
There are at least two explanations for this, both of which no doubt apply
to some e%tent. First, it is known that the "law" of purely elastic action
on unloading is not strictly true, for very small strains such as those
involved invfatigue. Hence there may still be a loop., Second, it is
possible for a "weak" crystal to undcrgo-reversal of strain even though
it might be imbedded in & medium that is otherwise purely elastic., This

is illustrated by the extremely simplified picture in Fig, 17. Assume

—— elastic medium

weak crystal

P

s
Fig. 17 Slip of & Crystul in un Elsstd Medium

ihat the weak crystal starts to slip at s relatively low stress, or that

it has an inelastic stress-struin relationship such «s described by Eq. (2).
when the bulk stress (over the entire cross~section) is varied between 8y
and S59 the crystal must undergo the same chznge of length as the bulk of
the materizl, If it slips at all, it will have to slip buck sgain, even
though the bulk stress remuins tension. The small forces required to

cause this slip will have no appreciable efiect on the bulk stress,




In an sggregute composed of both "weak" (plustic) and "strong"
(elastic) erystuls the situati n will be somewhat similar, except that
@he overall behuvior of the muteriul will not be totally elustic in nature,
Instead it will depend on the integrated behavior of very large numbers
of crystals having a random distribution of slip plunes, This is the
basis for the Butdorf-Budiansky theory of inelustic behavior (Ref. 19),
which the author believes to be the most reulistic theory yet proposed.

To determine the behafior of an actucl materisl under repeated louding,
it will be necessary to apply the principles of this theory to the case of
cyclic loading, This wéﬁld require knowledge of the behavior of single
cgystgls unger repea?ed loading involving a large number of cycles and
would involve determiniﬁg the residual stresses which result from non-
uniform behavior of the individual crystals, oSuch & theory, if it were
available, would no doubt explain why a material tends to approach a state
of elastic behavior after many cycles of repeated loading., It would also
provide a basis for determining the amount of slip involved in cyclice
loading of an unbualanced type, such as being considered here,

Lacking such a theory, it does not appear possible to develop a
rational method by which the effects of unLalanced loading (mean stress
not zero) cun be accurately predicted or guantitatively compared with »
those of balanced (completely reversed) louding., A few quulitative coﬁ-
* clusions czn be reached, however, by applying the foregoing ideas to
special cases,

If the bulk behavior of the material were virtually elastic, but
there happened to be a few "weak" crystals such as shown in Fig. 17, the

amount of slip experienced by a crystal would be directly proportional to
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the bulk stress (P/A or Me/I). For unbalanced louding this would mean

that the rate of growth of a crack would tend to be proportional to the

stress difference, or range, This theory has often been proposed as a

basis for the anslysis of futigue under unbalanced loading, but tests show
that as the mean stress is increused, the allowable range of stress de-
creases, This would indicute that the degree of slip becomes greater as
the mean stress is increased, while the range is held constant, It is
also probable that a higher meun tensile stress would increase the number
of atoms which become unbonded during each cycle,

Some actusl test data for unbalunced loading will now be examined,
Figs, 18 and 19 havé been reproduced from Figs. 9 and 10 of Ref. 20, which
reports the results of many iests made by the Battelle Memorial Institute
for the N.A.C.A, .

The curves for 755-T6 aluminum alloy (Fig. 18) show a definite sag;
this indicates an endurance limit of the type illustrated in Fig. 9 (v)
for which the basic fatigue equation would have the form of Eq. 7 (a) or
7 (b). Fig. 19, for SAE 4130 steel indicates an endurance limit of the
neut=oLs" type (Fig. 9 c) with a basic fatigue equation in the form of

Eqe e

For both muterials it can be seen that over & large range of R the

curves have about the same slope on the log-log plot, This shows that the

amount of slip involved is a function of sx, as previously assumed for

balanced loading. At high values of R, however, the slop; appears to de-
crease, This effect becomes noticeable in the region of the tensile yield
stress and it indicutes & chunge in the nuture of the action involved, On

the basis of the stress=-strain analysis presented in Chapter 16 of Ref. 7

it would appear that time effects begin to become important when the



maximum stres:s level exceeds value. in the neighborhood of the yleld stress.
Since u lovier slope represento a higher value of x (seé Eq, 4 ¢) this would
indicate that the muximum stresses uare getting well beyond the knee of the
stresuestrain diagram, Beyond this point the stress-strain loop probably
widens very rapidly with increasing stress—=level, becoming a quarter=loop
(one=time loading) ut the value cf the ultimate tensile stress for

the rate of load (or strain) application involved.

If any attempt were made to correlate fatigue behavior with ultimate
tensile stress in the hign range of loading it would seem necesézfy to work
with true stress rather than the nominal value. This will be discussed later.

Since addition on a log=log chart actually represents multiplication,
it can be seen from Figs. 18 and 19 that the effect of a mean stress other
than zero (R = const,) is to multiply the value of N by a constant factor,

This factor is evidently a function of R. Eq. 4 & would theretore be

changed to
, B
v oo R (26)
X
where
KR = f(R)

By referring to the derivation of Eq, 4 a it cun be seen.that l/l(R
must represent the ratio between the number of atoms unbonded in unbalanced
loading and the number unbonded in bulunced loading, at the same maximuﬁ
stress level, The increase in fatigue life, as the minimum stress 1s raised,
must therefore be caused by a narfowing of the stress-strain loop., The
increase in mean stress will probably tend to offset this to some extent,

as previously noted.
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.In view of the fact thut test results for unbalanced loading are
rapidly becoming availuable to the designer there is no urgent need for a
theory which will predict accurately the fatigue curves for various values
of R, However, it is of interest to see whether an approximate analysis,
based on the foregning principles will give results which have the proper
trend, To this end, several schemes were tried in an effort to express
the magnitude of the inelastic strain in tgrms of R. One of these is shown

in Fig, 20, Only the imelastic strain is shown in these diagrams.

(a) (b)

Fig, 20 Stress-strain Loops (inelastic strain only)
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For the case shown in (b) the ratio of plastic strein to that for

balanced loading (a) is obtained as follows:

1 R ¢ (s - s,
AN
L . p-Rr*
R X
X
. ——— (27)
KR (1 - R)x .
where - i&
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To use Eg, 27, the value of N for balanced loading at a given stress

i3 determined and then multiplied by KR to find the value for any given R,

No = Kp Np (28)

where
NB = value for balanced loading.

The curves‘obtained by this method ure indicated on Fig. 19 by dashed
lines, for four values of R, For R = -=,8 and -.,6 the computed values of
NR are lower than the test values, but for N = =;3 and O they are higher,
The ovenestimation'of fatigue life increases rapidly as the mean stress
increases, This would indicate thut the effects of meun stress are not
festricted to the effect on the stress-strain loop, but also tend to in-
crease the rate of cruck growth directly, as previously mentioned,

" Various modifications and improvements of the above elementary analysis
suggest themselves, For example, the type of futigue equation represented
by Eq. 7 would give different results, Differen£ assumptions tor the shape
of the stress=strain loop could be made., A factor relating rate of crack
growth to the value of mean (or minimum) stress could “e included in the
AOrivation of the fztigue equations (this uppears to be the most logicul
step to take), No attempt will be made, in this paper, to modify the fore-
going analysis of unbalanced loading so as to obtain better agreement with
the test results, This is en interesting field for research, provided
that the anulysis is made on the basis of a logical theory of inelastic
behavior, as previously sdggested. On the other hand, it would add little
to our knowledge of fatigue merely to include-more adjustable factors in

Eq. 27, in order to make it it the test dats,




hs explained in Part 2 the endurance limit may be interpreted as the
maximum value of repeated stress at which an elastiec state may be main-
tained,.or a "quasi-elustic" stute developed r«fore cruck growth entered
the relatively rapid stage, For unbalunced louding the rute of cruck
growth is reduced becaouse of the reducti-n in the amount of inelastic
strain, represented by the narrowing of the stress-struin loop, This alone
would tend to permit & higher level of maximum stress to be applied. 1In
addition, the narrowing of the initial stress-strain loor also means that

fewer cycles would be required to attein the quasi=-elastic state., Both of

these effects would result in an incresse in endurance limit with increasing
mean stress,

One of the most convenient methods of plotting the results of futigue
"tests under unbalanced loading is the Goodma: diagrum, in which the vulue
of maximum stress is plotted against the mean stress, By cross=~plotting
from the s-N diagram (Figs. 18 and 19) a curve may be obtained for any
,giQen value of N. (For examples see Fig, 8, p. 35 of Ref, 1, or Figs, 110'
to 113, of Ref. 2,) Goodman's original hypothesis was that the curve
representing the endurance limit (N =e, or some very large number) would
- vary linearly with mean stress, In order to include the fact that failure
must occur when the mean stress reaches the ultimate tensile stress the
curves are usually extended to include this point, Fig. 21 shows the
values of maximum stress at 107 cycles, plotted in this msnner from Figs.
18 and 19,

The assumption of a linear variation of maximum stress between that for
completely reversed loading and that for one~time loading (ultimate tensile

stress) is at least reusonable, In the two cases shown it would be on the

—

*
Usually called the modified Goodman diagram.
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sufe side, The upper region of the curves would become more nearly straight
if the true stress were used insteud of the nominal stress, (Since there
is no necking effect in fatigue it is illogical to compare fatigue strength
with ultimate tensile strength on the busis of nominal stress.,) In using
Lrue stress the upper ends of the curves would be extended along a straight
line through the origin, to the value of true stress corresponding to the
nominal ultimate tensile stress (not to the true stress at fracture),

The Goodman diagram (Fig. 21) may be physically interpreted as follows.
As the mean stress is raised, the action takes place at & smaller range
and at a higher level on the stress=strain diagram. The range must decrsase
in order that the integrated rate of cruck growth will remain the same,
thereby insuring the same value of N (or compiete étoppage of crack growth
in the case of a true endurance limit)., ihen the maximum stress reaches
the ultimate tensile stress (at maximum load) the amount of slip which
occurs on the first application of load is so great that the nominal stress—
stfain diagram becomes horizontal, or even drops (indicating necking).
This means failure at "one-quarter cycler no reversal of loading is then
possible, The.point representing the ultimate tensile stress should there-
foré not appear on a diagram which indicates the allowable maximum stress
for a large number of reversals, or for complete absence of failure. It
may, however, be used as a hypothetical limit,

The same line of reasoning shows that the typical s-N curve should
actually begin at one-quarter cycle and at the (true) ultimate tensile

stress,
" One point is clear from the above reasoning: for duct te b

both fatigue failure and ultimate fauilure cuan be placed on the same

physical basis: both result from inelustic strain, It is also clear that

*It appears that this refinement is of little significance; see Supplement,



the value of the true stress at actual failure, after necking has occurred,
has virtually no significance in structures which are expected to fail in
& ductile manner under one~time loading, or in fatigue under repeated load-
ing.

Purther investigations along these lines might reveal a method of
analyzing repeated stresses of variable amplitude in such a way that one-
time loading is automatically included. For example, the stress corres-
ponding to one-time loading could be given a very high weighting factor
in the expression for .roducod stress (Part 3). The final result would be
that the wvariable loading spectrum would cause some reduction in the allow-
able tensile stress used for the "one-time" loading analysis. The possi-
bility of treating failure at the ultimate tensile stress as a special case
of fatigue is being investigated and will be discussed in a subsequent paper
on stress-analysis methods,



It is well known that most fatigue failures which occur in service
are the result of a combination of fatigue and stress-concentration. The
insidious thing about this combination is that a -tron-ui.ur (such as a
notch or holo') may have little or no effect on the static strength (one-time
loading) but may greatly reduce the allowable stress required to ensure t.ho
desired lifetime, in terms of cyclic loading.

In‘ view of the large amount of work that has been done in this field,
the present discussion will be direct.od toward interpreting the effects of
notches in the light of the ideas and theories wh_ich have been presented
up to this point. Only a few of the more recent papers on notch effescts
will be referred to,

The first step that must be taken toward clarifying the effects of

stress-raisers is to direct attention away from stress and toward strain,
particularly inelastic strain. It has been shown that a logical theory of
.::_a_i'.iguc'cm‘ be developed from the principle that a crack forms and grows
't.hroh'gh the gradual unbonding of atoms as the result of reversals of
inelastic strain. The adverse effects of a stress-raiser indicate that
the rate of grmrhh of the crack is incn.uod. This could be due to two
cah*oe" aawgntionod in Part I.z increased slip or the increased tendency
to unbond caused by higher tensile forces. PFrom available indications it
appears that both effects ocour, but that the major effect is the increase
in slip.

In order to visualise ntro:n concentration effects it is convenient
to use a simplified presentation which the author developed.in teaching

D
-
“



utrcngth of materials, Figure 22 shows a strip of constant thickness,
under the action of a tcngilo force P. At the ends of the strip, or at
some considerable distance away from the notech, it may be assumed that the
diaf.ribution of force is constant over the width, B, If this width is now

q = constant

fte gttt

Undesired
Material

Lu_&qmﬂ

Fig, 22 Effect of a Notch
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divided into a number of elements, OB, the force in each element will be

. - £ (2

(The stress will be equal to q/t, where t is the thickness.)

Now if it is desired to eliminate the stress-concentration effect of
the notches, the object will be to achieve a uniform distribution of force
over the width at the root of the notches. Hence this width is divided
into the same number of elements and "streamlines" are drawn to join these
elements with those at the end of the strip. If the force q remains the
same in each streamline, the desired uniformity of stress will hafo been T
achieved,

It ie immediately apparent that thers is a large wedge of "undesired
material" adjacent to each notch. If these wedges are cut away, and if the
notch is at a considerable distance from the ends, there will be no appre-
ciable notch effect. ‘

Now assume that after this materdal has been cut away the specimen is
elongated by application of the tensile force. Next imagine the system of |
foraes that must be applied to & wedge in order to stretch it so that it
will fit the elongated specimen in its original pelitjonship.: Thii will fequire
a transfer of force across the "cut" seotion; it is important to note that
this represents a shearing action. The amount of force needed to streteh
the specimen will be greatest at the t.hiéknt end of the wedge, adjacent
to the notoh. The transfer of force will reduce the stresses in the gcatm
portion between the notches. At the root of the notch a large flow of force
will be added to the streamline, since the two thick ends of the wedges will
tend to equalisze their tensile forces through the material adjacent to the



noteh. By definition, the streamlines must each carry a constant value of qj ‘
therefore the ones near the root of the notch must be narrowed and those near ‘
the center of the strip will become wider, approaching the width of the
streanlines at the ends of the specimen as the plate is made wider relative

to the notch depth.

The exact location of the streamlines, in the elastic range, can be
obtained by an elastic analysis, or by photoelasticity. The main point to
be observed in the above analyais,' however, is that relatively high shearing
stresses must exist al'ong the "cut" lines, in an actual (uncut) specimen.

If these shearing stresses were to cause slip at a relatively low level of
stress, the effect would be to permit the wedge to slide along the "cut®
line, ,t0. .some extent. In fact a‘ complete cut may be thought of as repre-
senting slip at gero shear stress. (Various ways of relieving notch effects,
such as making saw-cuts or drilling holes in the "undesired material” ’ |
obviously permit the wedge to elongate more easily and therefore reduce

the transfer of force into this region.)

At the root of a sharp notch the abnormally high tensile stress will
cause shear slippage over a small area. This will not have any appreciable
effect on the forces in the wedge. If the matog'ial near the root continues
to alip without any substontial increase in stress, the forces required to
strotchutho wedge must be distributed farther inward, IV can be seen that the
offect of shear slippage at the root of a sharp notch is to level off the
peak of fho stress—-distribution curve., This is of course well known and is
1llustrated, for example, on page 64 of Ref. 21. The amount of slip at the
root of the no*ch is pot reduced by this process. In fact it must become




greater as the applied tensile force increases. Since it has been shown

)

that fatigue is probably the result of slip, it would appear that the
primary adverse effect of stres‘s-raiaers is the result of increasing the
degree of slip. We should therefore be concerned with straip-raisers, not
stress-raisers.

If the elastic stress-concentration factor, KE’ is used to determine
the stress at the root of the notch and this increased stress is then used
in connection with the basic s~ N diagram, t;,he results tend to underestimate
the fatigue life (this is on the safe side). . A "fatigue-strength reduction
factor", originally proposed by Hartmann (Ref. 22), can be determined by
working backward from fatigue tests of notched specimens. This factor, Kf,
is'found to be less than Kg» particularly for high stresses and sharp
notches (Ref. 21). It is generally agreed, therefore, that there is an
alleviating effect caused by the inelastic behavior at the root of the not‘.ch..T '

From the simplified analysis based on Fig. 22 it would appear that the

alleviation effects of slip would be more likely to come from ‘the region
near the "cut" line, in an area slightly removed from the notch, where the
shear stresses will be high. This idea is supported by the findings of

8ir Richard Southwell, who has shown by relaxation methods that (for a flat-
topped stress-strain diagram) a plastic region will form first at the root
of a notch, but that as the loading is increased another geparate region
will begin to form at some distance away from the notch. These regions
merge at high stress levels. (See p. 247 of Ref. 23,)

‘ Turning attention now to the shape of the notch itself, the most
important dimension in Fig. 22 would appear to be the notch depth. This




controls the amount of material in the wedge. But the noteh angle, w,
also affects the amount of material in the wedge; as it widens, the notch
approaches the "cut" lines, for which the stress col;zcentration effects
would be negligible.

Por the Vee-type notch shown, it would seem that the value of the
radius at the root would have little effect on the amount of slip that
occurs in the region at the root of the notch. It is true that a small
radius will cause a high elastic stress-concentration factor. However
this effect is highly localized and would be quickly "washed-out”. It
would simply mean that localized slip would start at a lower stress.

It 1s important to realize that the slip on which the rate of crack
Mh depends is probably the result of a stress-distribution which extends
inward some distance from the notch. Because of continuity of the material,
& large highly-localized slip cannot exist adjacent to a region of low alib.
This may be the physical explanation of the "Neuber constant" (Ref. 2i):
this constant could represent the effective width over which the slip acts.

A concise description of the Noﬁbor constant is quotdd below, from
Ref. 26:

| "In the classical theory of elasticity, the material is

considered as a continuum. Pointing to the fact that engineer-

ing metals have a gi'anular structure, Neuber stated that this

concept must be abandoned when a stress gradient is present.

He proposed instead the concept that the material is an aggre-

gate of "building blocks" and postulated that no stress gradient

can develop across such a blooE; the quantity A is the half-

length of & blosk. Neuber stated that the length A should be




considered as a new material constant and that it must be deter-
mined by experiment. "

Reference 25 shows that the Neuber constant can be correlated with the
ultimate tensile strength so as to give improved results. (Por the steels
investigated this value varied from about .017 inch at an ultimate tensile
stress of 50,000 psi to about .000L4 inch at 190,000 psi.) Since, in a
certain material, higher ultimate tensile stresses are obtained primarily
by reducing the amount of inelastic strain, it seeams logical that the width
of the region in which most of the slip occurs wouid decrease with increasing ,
ultimate tensile stress.

In the extreme case of a crack caused by fatigue, the "notch radius"”
wouid appear to approach zero. Actually the "crack" would be represented
by a path of unbonded atoms and it is quite possible that there is a more
or less gradual transition from sero bond to complete bond at the end of
the crack. In any case, the primary action of this type of stress-raiser
would be much the same as that of a notch with a mmall radius; the depth
of the crack would be the most important factor.

In Part 4 it was shown that in cyclic loading a "weak" crystal would
be compelled to slip and that the degree of slip would dbe ¢ovon’iod by the
overall strain in the surrounding medium. This was a direct application
of the continuity principle that plane crogs-gections remain plane. The
same reasoning can be applied to a notched specimen, but now it is evident
that crou-upctiom. originally plane, will be considerably warped in the
region of the notch or crack. Under the action of a tensile force the free
edges of the notch will tend to move apart much farther than they would if




they were bonded together in an unnotched specimen. This permits the strain
at the base of the notch to exceed the average strain by considerable amounts,
thus creating a "strain-raiser”,

It is interesting to speculate on what would happen if the dirogt
tensile stress at the end of a crack became equal to the ultimate cohesive
bond between two atoms. The attractive force between the atoms would drop
off with increasing distance between atoms (see Fig. 9.9 of Ref. 3). Now
if the crack is assumed to widen further the docruu. in tension between
the .firot pair of atoms must be carried by the next pair. This would cause
them to exceed their ultimate bond stress and this action would 80 on very
rapidly until the crack had spread through the material. This unstable
condition is evidently the picture of brittle fracture. If the mtoria.;l.
were polycrystalline, it might be argued that the above reasoning would
apply only to erystals having a certain orientation and that the crack would
be stopped by encountering "weaker" crystals which would undergo slip. But
if the "strong" crystals were surrounded by weaker ones, as in a random
diaf.ribution of crystals, the tension stress required to break the bond by
direct separation could not be developed. Hence the failure would have to
be of the ductile type (1/L cycle) or of the fatigue type (many cycles).
Since the 1nolaqt:|.c strain in the "weaker" crystals depends on the tempera-
ture and the rate of loading, it is easy to see why these ﬁcton have such
important effects in dotoﬁnining whether a failure is of the ductile or
brittle type. (See Ref. 1 or 3 for further discussion of this.)

The following principle can be st.atod,. for possible further investi-

gation and verification. The epsential difference between fatigue failure
and brittle failure ip that in fatigue the gtomic bondp are broken by a




shearing sotion while in brittle failure they gre broken by direst tension.

Another factor that has an important effect on the conditions at the
root of a notch is the lateral or radial stress whicﬁ must exist for equi-
librium wherever éxial (tension or compression) stresses are transmitted
around a curve. For cyiindrical specimens having a notch which encircles
the specimen the three-dimensional stress situation for an element a small
distance inward from the notch is such as to reduce the maximum shom
stress. The degree of this reduction will depend on the degree of curvature:
for very amall radii the shear stress will be appreciably reduced. This
well-known effect would tend to reduce the degree of slip in a region close
to the root of the notch. Reduction in the notch radius thoﬁton appears
to have two opposing effects: (1) the elastic stress concentration factor
is increased, (2) the maximum shearing stress is reduced. Such effecds
would have to be considered in a detailed analysis of the problem.

The effects of residual stresses, already discussed in Part 4, must
also be considered. (See Fig. 26, Ref. 21.) In general it would appear
that a "stress-raiser" will magnify these effects in proportion to the
degree by which the inelastic strain is magnified. Actually, however, the
residual stresses which result from reversal of loading are merely evidence
that the material which underwent slip is being forced to slip g"gain in the
opposjte direction. Hence it would seem that they do not enter the analysis
directly.

Residual stresses of considerable magnitude, produced by a one-way
loading before the cyclic otroagu are applied, can have relatively large
effects under certain conditions, as shown by Rosenthal and Sines (Ref. 26).
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For high-strength (high yield-stress) materials it is possible, in effect, to

change the mean stress level considerably by prestressine. If this is done in

the proper direction, and if there is no possibility of a largé subsenuent

loadine in the opposite direction, this technique might be used to reduce the

probability of a fatigue failure., This situation exists in aireraft wing

structures (outboard of landing gear attaching points) and in many ststionary

structures, On the other hand, a residual tensile stress would tend to raise

the mean stress level and would, therefore, have an adverse effect on fatigue

life, especially if the cyclic stresses were not great enoush to "wash out"

the unfavorable residual stress.

From the design point of view, information on the effects of various types

! of stress-raisers is rapidly being obtained in the form of s~ diagrams for

different levels of mea: stfeas (see Refs. 21, 27, and 28). A portion of
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The type of stress-raiser used for these tests is shown in Fig. 2.
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Fig, 24 Notched Fatigue Test Specimen .

(From NACA TN 2389, Fig. 2)

Figure 23 shows that the effect of increasing meéean stress, for notched
specimens, is not only to raise the fatigue curve’ but also to decrease the
slope. This same effect was evident in nearly all .of the tests of this
typ;. This indicates that the higher stress level now changes the exponent
x in the expression used to relate inelastic strain to stress (Eq. 2). In
Part 4 it was shown that for unnotched specimens a change in mean stress
level did not appreciably affect the slope until the maximum stress
approached the yield stress. This difference in behavior is no doubt due
to the effect of the notch in raising the mean stiess!level, or more-ateurstely,
the strain level, at which the action takes place, Severe notch effects

tend to correspond to the higher (and flatter) ocurves of Figs. 18 and 19,

tNote that the curve shows the maximum stress; the variable stress decreases
with an increase in mean stress.




The curves of Refs, 21, 27, and 28 also exhibit, in general, a tendency
to converge in the vicinity of one-quarter cycle and at a stress considerably '
above the nominal ultimate tensile stress for the material tests. Since the
true stress corresponding to the ultimate tensile stress is also likely to
be cpmidonbly higher, this would seem to support the idea mentioned in
Pax;t. 4, that the true stress at ultimate load (not at failure) might repre-
sent the limiting case of fatigue at one=quarter cycle.

The effects of temperature can be introduced into fatigue analysis in
a qualitative manner by conﬁidering two things: (1) the effects on the
inelastic strain (st;-eaa-strain loop), (2) the possible helpful effects of
high temperatures on re-bonding after slip. In the first case the odbvious
aﬁwer would be to consider the material as a new material at each different
temperature level and to work with the stress—strain diagram which runlﬁ.

As the temperature is increased, howsver, a single stress-strain diagram

“
5
:

becomes inadequate to describe the inelastic strain behavior. (See Ref. 7,

| Ch. 16.) TIime effects now become important, especially in the higher stress
ranges. It may therefore be expected that the rate of loading (or straining,
if controlled strain is used) will have a much greater effect than it does
at lower temperatures. Lower rates ?f'loading should produce more slip per
cycle. In the extreme case of a very low rate of loading the specimen
might fail on the first load application, by "stress rupture" (see Ref. 7,
p. 276). This would replace the ultimate tensile stress used for time-
independent materials.

Por loading at a mean stress greater than zero it would appear likely
-~ that the stress-strain loop v'ould "move to the right" along the stress-strain

diagram and that failure would be very similar in nature to that for one-time

10&d1ﬂ80




There is a possibility that at very high temperatures some materials
would tend to rebond under the action of the compressive forces exerted
during stress reversal. If this hdppened, it would be impossible for a
crack to form by successive unbonding of atoms. Motallurﬁqd offects
would also have to be considered, at elevated temperatures.

These ideas are suggested in order to show how the proposed theory
of fatigue could be used to predict the effects of elevated temperatures.
A careful survey of existing data may indicate whether the predictions are
substantiated by tests. If axisting test data are inadequate, it woul‘d be
desirable to conduct some special tests at elevated temperatures, usin(
different rates of loading.

The idea of rebonding at higher temperatures leads to an examination
of the helpful or detrimental effects of the surrounding medium. Corrosion “
fatigue can be explained by the proposed theory, by noting that the atoms
exposed on each reversal of slip would be chemically attacked, thus dee-
reasing the probability of rebonding, The basic fatigue equations could
be modified to provide for this. It would seem likely that the factor C
in Eqs. (2) and (3) would bovincroaaod, thus reducing the value of the
constant B in Eq. (4) and causing the s-N diagram to be lowered by a con-
stant amount on the log-log plot. ‘ It is possible also that the exponent x
would be affected because of the adverse combination of corrosion and higher
stress levels. This would change the slope of the s~ N diagram on the log-
log chart. Both effects have been observed in tests. Very large reductions
in the endurance limit are known to occur when corrosion effects and notech |

effects are combined (see p. 70, Ref, 2). Softer alloys appear to give
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better: results than hard ones under these conditions, even though their

endurance limit under normal conditions may be relatively low. This eould T
be explained by the fact that in a notched specimen the corrosive astion

speeds up the unbonding process, but does not affect the slip which oecurs

sono' distance away from the notch.

. The possible gain in fatigue strength under conditions conducive to
rebonding would seem to be an interesting subject for experimental investi-
gation. Tests could be made in non-corrosive media and at various tempera-
tures. Non-oxidizing materials, such as gold, could be investigated.

The significance of the transition temperature in fatigue has been
clearly discussed (Paper 11 of Ref. 1) by C. W. MacGregor, one of the
leading investigators of this phenomenon. The transition temperature, as
obtained in the slow-bend tests at M.I.T., is‘defined dt";'tht»*ht‘mi*w
ture under which no microscopic plastic flow occurs under fixed conditions
of constraint and strain rate". At temperatures below the transition
temperature a "brittle" failu;'t is obtained; above this temperature a
"ductile" failure is obtained. In the above definition "constraint" refers
to notch effects. It has been found that the transition temperature is
increased by cyclic loading in a fatigue test.

' Many of the observations and suggestions summarized by MacGregor in
Ref, 1 appear to fit perfectly into the picture of fatigue as presented up
to this point, For example, it was assumed that cracks start’ from the
beginning of loading, due to inelastis slip, and that the growth of the
ocrack depended on the width of the stress-strain loop, Under some conditions
this loop may become a straight line before the crack becomes observable,
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resulting in an endurance limit., This represents elastic behavior. The
mMg of the stress-strain loop should certainly affect the transition
temperature, because the more nearly the elastic condition is approached
the higher the temperature must be to produce sufficient localised olip to
prevent brittle fracture. This would explain how the transition tempeérature
can be raised by cyclic loading below the endurance limit,

Jt is also generally agreed that fatigue cracks will raise the tran-
sition temperature; however, some investigations showed such effects when
no cracks could be detected. It would appear that th.e methods used to
detect the cracks could not have revealed the presence of a crack produced
by unbonding in its early stages, as previously noted,

A significant statement appears on page 247, to the effect that at a
stress 15 percent below the endurance limit a crack continued to spread
and that the rate of crack growth decreased as the number of cycles increased.
This fits in with the idea (stated by Gensamer, p. 3, Ref. 1) that "fatigue
is a race between hardening and damage". Below the endurance limit the
"hardening"” (represented by the narrowing of the stress-strain loop) wins
the race over the "damage" (growth of the crack). |
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The essential difference between the proposed theory of fatigue and
most of those which have preceeded it 1ies in the mechanism of crack for-
mation, in which the crack is formed by progressive unbonding of atoms
as the result of alternating slip, This relates fatigue to the amplitude
of inelastic strain which occurs in repeated loading, rather than to some
value of stress at which a crack would begin toA form, It also leads to
the idea that the crack may start at.gthe very first load reversal, even
though the crack may remain invisible until 1;. has progressed to a certain
depth, or urntil it has produced fragmentationl\.

The 1dea that fatigue cracks are connected in some way with slip is
not new, Timoshenko (Ref. 4, p. 461) refers to a paper by Ewing and Humfrey,
dated 1903, and states: "On the basis of such investigations the theory
was advanced that cycles of stress, which are above the safe ra.née, produce
slip bands in individual crystals; if we continue to apply such cycles of
stress there is a continual sliding along the.surfaces accompanied by

friction, similar to that between sliding surfaces of rigid bodies, As a

result of this friction, according to the theory, the material gradually
wears along the surfaces of sliding and a orack results". Since slip bands
were also found to occur below the endurance limit of the material, it was
concluded that the appearance of slip bands cannot explain the mechanism
of fatigue cracks. It is also evident that the theory proposed by Ewing
and il:ntroy would require that torsion fatigue cracks ocour in the plane
of maximum shear stress, but this is not generally observed in tests.
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The theory proposed in this paper does not q.;mld on the wear or
friction developed, but rather on the unbonding of atoms at a free surface,
as described in Part 1. The presence of slip at stresses below the endure
ance limit is explained by the idea that unbonding does occur below this
limit, but that the gradual narrowing of the stress-strain loop eventually

" stops crack growth completely.

Experimental evidence to support this theory may be found scattered
tr_xrough the voluminuous literature on tatiguo’. Only a few references will
be cited here, On page 266 of Ref. 1, in a paper by Teed, there appears
& photomicrograph (from the Royal Aircraft Establishment) showing a fatigue
crack on a slip plane, Major Teed states, in part, "In an alloy below its
recrystallization temperature, it has long been established that a orack

engendered by cyclic stresses

arises and spreads along a slip plane,
-=== The spread of the crack across the 1ntox;cryotal11no boundary is some-
what, though not grsatly, slowed down by it. The crack then usually con-
tinues to develop along a slip plane in a syitably oriented adjacent crystal
=—==e=e  The original crack generally starts in the plane of maximum resolved
shear stress which happens to be approximately parallel to one of the axes
of the crystal in which it ococurs." Major Teed also makes a number of other
interesting observations which appear to be in line with the present theory.
On page 80 of Ref, 1, Peterson also shows photomicrographs of fatigue cracks

(from Hull) which progress across the crystals in a sig-sag manner,

The poosibility of change of direction of the crack from crystal to
orystal explains one of the pussling features originally encountered in
making a working model of crack formation by cutting an array of "atoms" on
a 45 degree line and sliding the two halves of the paper back and forth
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(see Pig, 2). The crack, of course, remained on the 45 degree plane, while
Aactual fatigue eracks appeared to form at 90 degrees to the direction of
axial loading, It would appear that although the general direction of the
crack is normal to the u.pgliod tomile stress, the actual crack progresses
in the sig;sag manner duqribed above,

Another apparent obsﬁaclo wa$ encountered in applying the theory to
torsion of a round bar, On the basis of slip alone, one would expect the
erack to form along the plane of maximum shear'streu, normal to or parallel
to the axis, But under alternating slip in this plane no ni;.ou could become \
unbonded by slipping out into the open air, There would also be no tendency
to pull the atoms apart., Yet it °is known that fatigue does occur in torsion,
The answer is found by examining a toxjsi'on fatigue crack, The crack usually
forms not along the plane of maximum shear stress, but normal to the plane
of maximum tension stress, 45 degrees away. (See Fig. 5, p. 77, Ref, 1.)
This tension stress causes a shearing stress (in another plane) which eould

force atoms to slip out along the surface and thus become unbonded. There

would also be a tensile stress tending to promots unbonding.

The fact that torsion fatigue cracks do form in this manner is in agree-
merit with the proposed theory and seems to strengthen the hypothesis that
there must be a free surface. Occasionally, however, torsion fatigue cracks
are observed to form in the plane of maximum shear stress. This could occur
in acoordance with the proposed theory only if there were an opening in the
metal into which the material could slide, (Mr. George Sines has informed
the author that there is some experimental evidence to this effect.)

The fatigue behavior of metals under combined loadings (such as bending
and torsion) has been reported in various papers. If the reversed slip
theory is applied to such cases, it would be expected that the fatigue
strength would be a function of the maximum shear streas, provided that this
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stress produced slip toward a free surface. For situations in which the
shear stress effects must be avougod.(intogﬂtod) in order to determine
the overall stress-strain loop it would seem likely that the Batdorf-
Budiansky theory (Ref, 19) would aprly. The octahedral shear stress
(shear-strain-energy theory) may also be regarded as a method of averaging
and should be applicable in such cases. In Ref, 1, p. 1, Gensamer states
that, for fatigue, "the effects of combined stresses, for ductile a.iloy.,
are adequately described by the shear-strain-energy hypothesis",

Mr, George Sines recently gave the author a‘short summary of a study
he has made on ‘fatigue under combined loadings. His conclusions seemed to
be in general agreement with the above ;eaaoni.ng. He also brought out an
important point which must be considered in analyses of this type. If one
of the loadings (such as bending) remains constant while the other (such as

: tox"aion) is cyclic, the planes of maximum shear stress will not remain

stationary. It would appear ‘hat the growth of the crack might be influenced
by this, Methods which have bsen proved satisfactory for combined loadings
which are in phase (such as the interaction curve method, Ref. 4, p. 435),

may not be correct for loadings which are out of phase,

A point of special interest is the conclusion that, according to the
proposed theory, fatigue could not ocour 1n & truly elastic specimen., Again
quoting Teed, from p. 259 of Ref, 1: "Bpittle crystals such as q\ims are
in no degree subject to such a type of fatigue", This situation presents a
dilemma to the metallurgist, in that fatigue could lMtly be prevented
by using "hard" materials, but the very thing that would eliminate fatigue
(absence of slip) would also cause brittle fracture, This paredoxical
situation is realised :Ln cerimica, which are actually very strong (aluminum
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oxide tiiiies have developed compressive stresses of over 300,000 psi), but
which thwwmr to have low tensile strength because trlpro is no slip by which
stress<iunmentration effects are alleviated,

Om g of the important premises of the proposed theory is that slip,
having wooect.ar:-'«l~ first in one. direction on a certain slip plane, will ocour
again i ntkhe reverse directién and on the same plane, upon reversal of the
lload. Miis may seem to conflict with conventional ideas of "strain-hardening",
as somiltinms used to explain fatigue and -4ther phenomena. But the Bauschinger
effect [(lowering of the inelastic portion of the stress-strain diagram on
reversi dlocading; see Ref, 4, pp. 409 and 410) would seem to indicate that
reverse s14p does occur and that the shear stress required ;o reverse the

slip LK less than that required to produce it the first time,

Afrvisdible fatigue crack will appear to be conceitrated on a particular
slip prmue , even though there is evidence of slip on many adjacent planes,
This winld indicate that minute "cracks" (unbonding) tend to form at first
on man;-ilip planes, but the ones which form most rapidly offer less resis-
tance oo slip and the action thus tends to concentrate on fewer and fewer
slip jp.wes as the cracks despen. Craig (Ref. 9) statess "Failure often
beginijl in more than one crystal at & time and at more than one place in a
singlyy wrystal or grain®, He also suggests that séveral microscopic cracks

MY JGun mnd thus produce failure at a more rapid rate.

L4

Y eversed slip theory seeas to throw some 1ight on the relationship
betwey nfmtigue strength and wltimate tensile stress.- As previously noted,
& higiper ultimate tensile striu (in a given base material) is usually

obtaiywi by reducing the degree of slip through alloying, heat treataent,
oold-orking, etc. Since it is assumed that the rate of ci-ack growth depends
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on the degree of slip, a reduction in slip should increase the fatigue life.
This would explain the tendency for the fatigue strength to be roughly pro-
portional to the ultimate tensile strength, .whon comparisons are made be-
tween fiirferent base materials or alloys.

‘But it was shown in Part 5 that the slip which controls crack growth
at the root of a notch is governed by the overall slip in the specimen and
is 'nmltiplied by a strain-concentration factor which depends on the shape
and size of the notch, The alleviation of the notch-effect by inelastic
behavior of the material must result from slip which occurs over a larger
area, not that which occurs just at the base of the notech, The alleviating
slip will also tend to be lower in magnitude than the crack-forming slip,
Hence it is quite possible that an improvement in static strength, remre-
sented by a raising of the knee of the stress-strain diagram, might reduce
the alleviating slip more than it reduces the crack-forming slip.

It would appear from this line of reasoning that the ratio between
yield stress and ultimate tensile stress would have an important bearing
on the fatigue strength. In a material with a low ratio (say two-thirds)
the alleviating slip would be higher (in proportion to the crack-forming
slip) than that for a material having a high ratio of yidld stress to ulti-
mate stress, This effect is lnown to exist, especially in the precipitation-
hardening alloys (such as 75ST aluminum). Thus, it may be possible to pre-
dict, from the shape of the entire stress-strain diagram, how the fatigue
strength will be affected by a certain nct.lallnrgical treatment or mechanical
process. (See also the discussion in Part 4 in which it is suggested that
the true stress at ultimate load might be a logical basis for comparisons
involving both fatigue and static strength.)
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The same line of reasoning might also be applied, in a more detailed
manner, to the effects of alloying and heat-treatment on the behavior of
individual crist&la, in comparison with the ovéoull effects on the aggregate.
For example, a process which would increase the resistance of the individual
crystal to slip, but which would provide considerable overall slip (ductility)
might have a favorable effect on fatigue, The effects of crystal size and
grain boundaries could also be analyzed in this manner.

Surface treatments, such as cold-rolling or shot-peening, have long
been employed to improve fatigue behavior. They obviously help matters by
producing a residual compressive stress in surface layers. When applied to
localiged areas, such as the root of a notch, they tend to create the de-
sirable situation described above, in which the slip at the root is reduced
without appreciably reducing the overall alleviating effects of slip in the

surrounding material,

In Ref. 6 Foster stated, "A point that requires explanation is the total
absence of fatigue failures in the soft anmnealed copper wire when subjected

i
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¥

to varying strains in the order of twice the magnitude that would be necessary
to fail a standard-size fatigue specimen of annealed copper in the mmber of
cycles imposed"., This phenomenon appears to be connected with the fact that
the ratio of surface area to éroas-soctioml area incresses rapidly as the
diameter of a wire approaches zero. In Ref, 7 (p. 295) the author suggested
that the exceptional tensile strength of very fine wires might be mlﬁnd
by the fact that the number of at.omg that must be unbonded .during slip would
be greater than normal, relative to the number which may slip without une
bonding. This same effect would probably apply to fatigue, Thus in the
limiting hypothetical case of a single row of atoms the action would of
necessity be purely elastic (since there would be no slip planes) and there

could be no fatigue, It is also possible that the very high cohesive forces
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which must be overcome in unbonding would permit a certain amount of
alternating inelastic strain to occur in the bulk of the material, without

causing any crack formation, Such effects would probably become more im-

* portant as the diameter of the specimen is decreased, or as the ratio of

surface area to cross-sectional area is increased in some other manner,

(This suggests testing specimens having an abnormally high surface area.)

There appear to be possibilities of improving fatigue resistance by

the oreation of surface films - or coatings of high tensile strongt.'.h. For
example, in Ref, 29 Slifkin and Kausman report that surface oxida.tiop of
wires made from single sinc crystals produced a large increase in tensile
strength, A recently developed method of applying a ceramic coating to
"hot parts" for jet engines is reported b& Solar Airecraft Co. to increase
fatigue 1life (Ceramic Age, A\‘ng. 1952, p. Io6)f

" A comparison of the proposed theory with the Orowan theory of fatigue
(Ref. 8) will reveal certain points of similarity and disagreement, The
major disagreement concerns the mechanism of failure, Orowan's theory 13’
based on the idea that cyclic loading will cause localized strain-hardening,
in the sense that the local stress in some small plastic region‘ will continue
to rise as a result of alternating strain, If this stress reaches a ceftain
value, fracture is assumed to occur, thus starting a crack, The existence
of an endurance limit is explained by the fact that as the stress rises in
the plastic i'egion the alternating strain decreases, finally becoming sero

before the failure stress is reached,

“h theories are in agreement so far as the general explanation of the
endurance limit is concerned, but on the mechanism of crack formation they
are entirely different. (Sees Supplement for further discussion.)

*this could have resulted from protection of the surface from oxidation,
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The Orowan fatigue equation is developed first for a constant coef-
ficient of str‘in-hurdoning (slope of stress-strain diagram) which results
in a slope of unity on the log-log plot of the s=N diagram, In order to
bring this into agreement with observed data, the coefficient is modified
by arbitrarily making it proportional to the strain raised to some power,
This may be compared to the use of Eq. (2) in the present theory and it
has the same mathematical result: the fatigue curve now may have a slope
other than zero on the log-log ’plot. The method by which the equation
provides for an endurance limit is similar to that developed in Part 2,
based on Fig, 9b,

)

It is wox;th noting that any theory of fatigue can be made to fit the
observed data by including a term relating the fatigue 1ife, N, to some
power of the stress, such as s*. Furthermore, almost any type of function:
may be used to describe the rate of crack growth, For example, the simplest
possible oqluation for crack growth would be a linear one, Eq. (3) (Part 2)

would then be replaced by

hy = A & N (30)

-+ This would give the fatigue equation previously developed (Bg. (4a):

-L
NeE

The use of a linear equation of crack growth would also result in the
same methods for treating stresses of varying amplitude (for example, Miner's
mthod, or Eq. (16) of this paper, in Part 3).
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The use of non-affine functions for crack growth, such as Eq. (5),

.appears to be necessary in order to obtain a satisfactory method of v
. treating stresses of varying amplitude., It is 1nteruting to note that

Eq. (5) may be thought of ag the derivative of Eq. (3), whish was used

as the basis for the s-N equation, Eq. (3) thersfore is related to Eq. (5)

".in the manner of a pot.entiti.

The closest mathematical approach to the theory presented in this
paper appears to have been made by Vivian in Hotallurg\it, Jan, 1952,
(Ref. 30). He states that he investigated the "pmgnseivi propagation
of hair-cracks® and that "it seemed possible that N could be equated to
& power o; exponential e containing a power of S which accounted for the
manner in which & rather flat-lying part of the S-N cveve can be found

l at which S can be called a 'safe stress' in many instances". Later he
~ stated "1t; seenms to 'bo an attractive possibility -thut, like the hardness

curve, the S=N curve is a certain type of modification of the true stress-
stu’in curve, the near-eslastic and elastic portions of which (modified by
some unknown factor) are, in reality, an interesting part of the S-N curve",

In view of the fact that Vivian apparently did not have available any
definite mechanism of fatigue that would serve as a comnecting link between
the S-N diagram and the stress-strain diagram, his intuitive understanding
of the problem apﬁurs rather remarkable and is in general agreement with

the theory proposed here.™

There are no doubt many other papers, at present unknown to the author,
in which some of the ideas assembled here have been presented, The refer-
ences cited will at least show that for a long time we have been very close
to obtaining a clear understanding of fatigue and that practically all the

‘ir. Vivian has since informed the author that his suggestions were based on
an earlier paper, as yet unpublished.




necessary elements for a logical theory have been gradually discovoi‘od.‘ .
through hundreds of thousands of careful peq}.s’md analyses., The missing o
link in this vast array of informat fon appears to be the ’mga&niegir wne
bonding through reversed slip. Wif’.h’th. ‘aid of this concept, failure under .
repeated loading can now be phc.d on the same level of undorstmdin; as

failure under a single loaiding.

The equations employed or derived in this paper were used primarily
to illustrate the above point‘:". Many refinements and extensions are no
doubt, possible \and will follow in dus course, if the basie theory of the
mechanism of fatigue is accepted. It is apparent, however, that the goot
immediate problem in fatigye .19 that of a}gplrying, in design and otrui- -
analys."m, what we tlread; know, It can also be shown that extreme rofimnﬁﬁ oy
in t:heories or testing techniques can.have ;rery little effect on actual de-
sigh, in terms of weight saved or danger eliminated. (These matters will T~

be discussed further in a subsequent report.)



PART 7 - RECOMMENDATIONS FOR RESEARCH

The theory of fatigue presented in this paper suggests some new
approaches in research and development work; it also indicates where present
research should be 'uplifiod or reduced. The following items will serve as

a brief summary of the suggestions made in the preceding parts of the paper.

l. More ammphasis should be placed on cxplqring the phenomenon of crack
growth by means of the ‘oloct.ron microscope and similar methods. The
hypothesis of unbonding' under reversed slip should be tested experi-
mentally, so far as possible. (See p. 6.)

2. The influence of the shape of the (static) stress-strain diagram
should be investigated, with a view to establishing a relationship
between the Ramberg-Osgood exponent for plastic strain and the
exponent for fatigue. (See p. | 16.)

3. An attempt should be made to determine a relationship between the
ultimate tensile stress (or modulus of rupture) and the intercept
of the s~N diagram at N = 1/4. The true stress at maximm .t.cnoilo
load (or bending moment) is suggested as an improved basis for com-
parison. (See p. 56.)

‘he  If the fatigue behavior can be correlated with the (static) stress-

strain diagram (in items 3 and 4), this relationship should be tested
by applying it to various metals having widely diftomt character-
istics. (Although a large amount of fatigue data are available, 1t
is difficult to find reliable data for the true stress-strain diagram

of the specimens tested;)
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6.

(0

8,

9o

10,

11,

12,

Emphasis in research should be shifted away from analysis of actual
failure (in the tension test) and toward the analysis of factors

which determine the maximum load (nominal ultimate tensile stress),
(See p. 56.)

The effects on crack growth of crystal size and grain boundaries
should be more thoroughly investigated. (See p. 79.)

The effects of notches and stress-raisers should be analyzed in terms
of strain. The effects of inelastic strain in areas other than at

the base of the notch should be more thoroughly investigated,
(Relaxation methods appear to be most useful in such analysis.)

(See p. 62.)

The effects of mean stress should be analyzed in order to determine
whether there is a direct effect on the rate of unbonding. (See p. 47.)
The proposed method of determining a reduced atresQ for loadings of
variable amplitude should be further investigated, particularly for
situations typical of those found in aircraft structures (mean stress
not equal to zero; stress-concentration factor greater than unity;
stress spectrum of the type determined from gust data). (See p. 62.)
The effects of variable amplitude on the endurance limit (or lower
portion of s= N diagram) should be explored. (Until this is done it
appears advisable to extrapolate the s-~N curve without regard to

any apparent endurance limit obtained in loading of constant amplitude, )
(See p. 37.)

Fatigue tests at elevated temperature should be conducted and analyzed
to determine the effects of rate of loading. (See p. 69.)

The possible helpful effects of elevated temperature on rebonding
should be investigated. (See p. 70.)
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Special tests should be conducted, with a view to determining the
influence of various surface conditions and environments on the rate

of crack growth (examples: corrosive media, non-corrosive or protective
media, surface treatments such as shot-peening, tests of gold specimens,
etc.). (See pp. 79, 80.)

Additional fatigue tests of nearly elastic (brittle) materials should
be conducted, to verify the hypothesis that repeated loading does not
appreciably reduce the allowable stress. (See p. 76.) ¢
The helpful and unfavorable effects of residual stresses (especially
with stress-raisers present) should be more thoroughly investigated.

;n particular, the helpful effects of static-testing completed .
structures to limit load (approx. 2/3 of ultimate load) should be
established and the limitations of such procedures should be determined.
(See p. 66.)

Metallurgical research (in fatigue) should be directed toward discovery
of methods by which large-scale plasticity (for relief of strain-
raisers) may be obtained without causing high localized slip (which

is the direct cause of fatigue); (See p. 78, )

Combined stresses should be more thoroughly investigated experimentally
and an attempt should be made to apply the Batdorf-Budiansky theory of
plasticity in the analysis of fatigue. (See p. 75.)

The fatigue of very fine wires, or members having large relative
surface area, should be investigated. (See p. 79.) |

The use of failure-indicating-wires should be further explored under
variops conditions and practical methods of application should be

developed. (See p. 3.)
PR

NOTE: Recommendations on design and stress hnalysis of aireraft structures

will be covered in a separate RAND paper, now in preparation.
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